The stability properties of an intense relativistic electron beam propagating through a collisionless background plasma are investigated within the framework of the Vlasov-Maxwell equations.
of these instabilities have been restricted to the fundamental mode, i.e.,
to Z=l, where k is the azimuthal mode number. In this paper, we investigate stability properties for higher harmonic coupled transverse oscillations of an intense relativistic electron beam propagating through a collisionless background plasma.
The analysis is carried out within the framework of the VlasovMaxwell equations for an infinitely long electron beam propagating parallel to a uniform magnetic field B Oz through a uniform cylindrical background plasma with radius R (Fig. 1) . It is assumed that v./y. << 1, can be used to investigate stability properties for a broad range of system parameters.
In Sec. IV, stability properties for coupled beam electron-plasma electron oscillations are investigated for general values of azimuthal mode number 2. A detailed analytic and numerical investigation of the dispersion relation for electron-electron interactions is also presented in Sec. IV for a broad range of system parameters. For low beam densities satisfying w2 /cb 2 < 0.5, it is found that the higher pb cb% harmonic perturbations with 2 > 2 are the most unstable modes. Moreover, the fundamental (k=l) mode is completely stabilized whenever the conducting wall is sufficiently close to the plasma boundary.
The ion resonance instability is investigated in Sec. V, including the interaction of the relativistic beam electrons with the plasma ions.
The numerical analysis of the dispersion relation for the ion resonance instability is carried out in Sec. V in the cold-fluid limit characterized by r /R -0. Here r . is the characteristic thermal
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Larmor radius for plasma component j. From this analysis, we find that the instability domain extends to large values of axial wavenumber for high harmonic numbers 2. Moreover, the maximum growth rate of the instability increases slowly with increasing harmonic number 2.
II. EQUILIBRIUM CONFIGURATION AND BASIC ASSUMPTIONS
The equilibrium configuration is illustrated in Fig. 1 respectively, vis Budker's parameter, Nj=2rx dr r n?(r) is the number 0 of particles per unit axial length, n (r) is the equilibrium particle 2.
density, -e is the electron charge, and yjm c is the characteristic particle energy for species J. Note that mb=m e, where me is the electron rest mass. Furthermore, we also assume that the net azimuthal current produced by the azimuthal rotation of the various plasma components (j=b,e,i) is sufficiently small that the corresponding axial self magnetic field B (r)z can be neglected in comparison with B & .
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For azimuthally symmetric equilibria with a/9e=O and a/az=O, there are three single-particle constants of the motion. These are the total 
where the plasma radius Rp is defined by
j=b,e,i . 
III. LINEARIZED VLASOV-MAXWELL EQUATIONS
In this section, we make use of the linearized Vlasov-Maxwell equations to study the stability properties for coupled transverse oscillations of an intense relativistic electron beam propagating through a background plasma. We adopt a normal-mode approach in which all perturbations are assumed to vary with time according to
where Imw > 0. Here, w is the complex eigenfrequency. The Maxwell equations for the perturbed fields can be expressed as
where E) and B(x) are the perturbed electric and magnetic fields, respectively, and p(x) and J(x) are the perturbed charge and current densities defined by
and
In Eqs. (24) and (25), the perturbed distribution function f (xk) is given by
where T=t'-t, and the particle trajectories x'(t') and k'(x') satisfy
The present stability analysis is carried out for long axial wavelengths, i.e., for perturbations with the axial wavenumber k z satisfying k R << k2 (27) z p where k is the azimuthal harmonic number. Moreover, the stability properties are investigated for low-frequency perturbation satisfying
Fourier decomposing the perturbed field amplitudes according to
and making use of Eqs. 
where the effective perturbation potential p (r) in a frame of reference moving with velocity V =%c is defined by In this context, the transverse equations of motion for particles of species j can be expressed as
where T=t'-t, and the frequencies w are defined in Eq. (15).
The perturbed charge density is determined by substituting Eq. (37)
into Eq. (24). This gives 00 C0
Idpip.L dpz
where the orbit integral I. is defined by
It can be shown in the subsequent analysis that Eqs. 
Substituting Eq. (39) into Eq. (43), it is readily shown that
where %(r)=Cr. After some straightforward algebra that utilizes Eqs. 
Similarly, Eq. (31) can be expressed as
where use has been made of the approximation pz /ym ~cS , which is consistent with Eq. (1).
The right-hand side of the eigenvalue equation (45) 
In Eq. (50), I (x) and K (x) are the modified Bessel functions of the first and second kinds, respectively, of order k. Note that G approaches unity when kZRc is reduced to zero. We also note that $(r) is continuous at r=R . Multiplying Eq. (45) by r and integrating with respect r.
from R (1-E) to R (1+e) with e*O+, we obtain 
Equation (57) determines the complex eigenfrequency w, and is, in effect, the dispersion relation for the present problem. Note that for very long wavelength perturbations satisfying
the geometrical factors g and gA satisfy g= gA. In this case, we introduce a new geometric factor gf defined by
In the remainder of this article, the analysis is limited to perturbations satisfying Eqs. and (21), it is straightforward to show that It is also found that the growth rates for k > 2 are generally larger than the growth rate for Z=l.
Stability boundaries in the parameter space (f , kz b c/wb) are illustrated in Fig. 3 for y=5, R /Rc=0.5, w 2 /W 2 =1, and fi /fi=0.5.
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In Fig. 3 , the solid curves correspond to the stability boundaries obtained from Eq. (69) for (a) Z=l, k=2, and k=3, (b) k=4, and (c) k=5.
In Fig. 3(a) , for a given value of 2, the region of (f e kz bc/wcb) parameter space above the curve corresponds to stability, whereas the region of parameter space below the curve corresponds to instability. The cross-hatched regions in Figs. 3(b) and 3(c) also correspond to instability for a given value of 2. Evidently, for perturbations with low harmonic number (2 < 3), the system is most unstable when (f e' k c/wb)=(OO) [ Fig. 3(a) ]. However, for perturbations with higher harmonic number (k > 4), the system can be most unstable for parameter values other than (f , k 2c/wb)=(OO) [Figs.
3(b) and 3(c)].
The dependence of stability properties on conducting wall location is illustrated in Fig. 4 where Imw/wcb and Rew/wcb are plotted versus R /R for k=l, f e= 0 , k Abc/wcb=O, and parameters otherwise identical to Fig. 3 . It is evident from Fig. 4 that the k=l mode can be completely stabilized by increasing the value of R /Rc beyond some critical value.
For example, in Fig. 4 , the k=l mode is stable for R /Rc in the range 0.59 < R /R < 1. We also note from Fig. 4 that the real oscillation p Cfrequency is independent of R /R for k=1. As a general remark, for p c perturbations with harmonic number k > 2, the influence of the conducting wall radius on stability behavior is found to be negligibly small.
Moreover, for Z=1, the dependence of stability properties on other system parameters is summarized in Ref.
10.
We conclude this section by summarizing the following points.
First, for sufficiently low beam density satisfying w b2 0.5, the pb cb Il05,th higher harmonic perturbations (2 > 2) are more unstable than the k=1 mode. Moreover, generally speaking, the growth rates for k > 2 are larger than for k=1. Second, for k < 3, the system is most unstable for (fekzabc/wcb)=(Oo). Third, the Z=1 mode is completely stabilized if the conducting wall is sufficiently close to the plasma boundary. However, the influence of the conducting wall on stability behavior for X > 2 is negligibly small.
V. ION RESONANCE INSTABILITY
The ion resonance instability12 is one of the fundamental instabilities that can occur in a relativistic beam-plasma system with both ion and electron components. Previous investigations of this instability for a 10 relativistic electron component have been carried out only for the fundamental mode (k=l). In this section, we investigate ion resonance stability properties for higher k values within the context of the kinetic dispersion relation (57). To make the analysis tractable, we assume that the plasma electron density is equal to zero,
e
In this case, the dispersion relation in Eq. (57) can be expressed as
As a comparison with previous analyses,10,12 we first consider the Moreover, the influence of conducting wall location (R p/R c) on stability behavior has been investigated previously in the nonrelativistic limit (yb) 13 In the present analysis, we investigate the ion resonance instability with particular emphasis on higher harmonic perturbations (k > 2).
The growth rate and real frequency are measured in units of the beam electron cyclotron frequency wcb*
The stability boundaries in the parameter space (fe, kz bc/Wcb) are illustrated in Fig. 5 for yb= 5 , wpb /Wb= Rp/R =0.5, and k=1,2, and 3.
For a given value of k, the cross-hatched region in 
